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This paper is a continuation of the papers “On z-ideals and d-ideals in Riesz 
spaces” I and II (see [9] and [lo]). In Section 11 we deal with order complete 
Riesz spaces and in Section 12 we consider d-normal Riesz spaces and Riesz 
spaces with the almost a-interpolation property. Characterizations are given of 
topological spaces X for which the Riesz space C(X) has the above mentioned 
properties. Finally, in Section 13, we present a summary of several results from 
the two preceding papers and this paper. 
For the terminology and notation used in this paper we refer to [9], [lo] and 
[12]. As in part I and II, we assume that all Riesz spaces considered are 
Archimedean. 
The author thanks C.B. Huijsmans for his valuable advice during the writing 
of this paper. 
11. ORDER COMPLETE RlESZ SPACES 
The sequence cf, : n= 1,2, . . . ) in the Riesz space L is called an order Cauchy 
sequence whenever there exists a sequence (p,, : n = 1,2, . . .) in L such that p,,lO 
and If, -f,+ k 1 spn for all k and n. The Riesz space L is said to be order 
complete whenever every order Cauchy sequence in L is order convergent. It is 
well-known that L is order complete iff for all sequences V;, : n = 1,2, . . .) and 
c&l : n=l,&...) such thatf,f sg,L and inf (g,, -f,) = 0 there exists an element h 
in L satisfyingf, ih ~g, for all n (see [14], Lemma 2.10). Obviously, any Riesz 
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space with the a-interpolation property (see [lo], Definition 9.9) is order 
complete, and order completeness implies uniform completeness. 
Recall that the o-ideal I in L is called a d-ideal if it follows from f~? that 
{f}dd~I (see [9], Definition 4.1). 
In [9], Theorem 4.4, it has been proved that in a normal Riesz space the sum 
of two d-ideals is a d-ideal. Using that in a uniformly complete Riesz space the 
sum of two uniformly closed o-ideals is uniformly closed and that any uni- 
formly closed d-ideal is a o-ideal (see [9], Theorems 2.3 and 5.3), it follows 
easily that in a uniformly complete normal Riesz space (i.e., in a Riesz space 
with the a-interpolation property; see [lo], Theorem 9.15) the sum of any two 
a-ideals is a a-ideal. The next theorem shows that, for uniformly complete 
Riesz spaces each of these properties characterizes order complete spaces. 
We first need a lemma. 
LEMMA Il.1 (compare [lo], Lemma 9.13). Let L be a uniform/y complete 
Riesz space in which the sum of any two o-ideals is a a-ideal. If 0 I u EL and 
fn,gntzL (n=1,2,...) such that -usfntlg,lzzu and inf (g,-fn)=O, then 
there exists z EL satisfying 1 z 1 I +u, V;, - z)’ I +u and (g,, -z)- I #u for all n. 
PROOF. Define 
f= ~~,2-ncf,-+u)+, g= E 2-“(g,++u)- and h= i 2-“(g,,-f,-$u)- 
n=l ?I=1 
(u-uniformly convergent series). We assert that (ujddc (hldd. Indeed, suppose 
that 01p EL such that pAh =O. Then it follows from pA(g, -f, - +u)- = 0 
(n=1,2,...) and fromg,-f,lO thatpnu=O. Hence {h}dc(u}d, i.e., {u}~~c 
c { h}dd. 
-~ 
For n= 1,2, . . . we have (g,-fn-+u)-=(g,,-fu)- +cfn++u)+, and so 
h=s n+‘(g,-W + n&-“(f,+b)+ 
(u-uniformly convergent series). Since (g, - +u)- A(& - +u)+ = 0 for all n, m, 
we have 
j, 2-“(& -+u)- E (f }d. 
Analogously 
“i), 2:-YAl+ w+ E {sld 
and therefore h E {f }d + {g}d. By hypothesis {f }d + {gjd is a a-ideal so { hldd c 
c {f Id + IsId, which implies (ujdd c {f }d + {gld. In particular u = u1 + u2 with 
Olul E {f}d and 05~~~ {g}d. Then ulAcfn -+u)+ =0 and U2A(gn ++u)- =0 for 
all n. 
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Now the element z = +(uz - ur) satisfies ] z 1 I +u and for all n = 1,2, . . . we have 
cf, -z- +4)‘Acfn -z- +4)+ s($4,)Ay;, --+u)+ =o, 
hence cf, - z - +u) + = 0. This implies that cf, -z)+ I +u. Analogously we get 
(gn-z)-I$4 (n=l,&...), so z is the desired element. 
THEOREM 11.2. In a uniformly complete Riesz space L the following con- 
ditions are equivalent. 
(i) L is order complete. 
(ii) 1fOsu, VEL, then (u+vjdd= { u)9d’ + { v}dd (equivalently, the sum of any 
two principal bands is a principal band). 
(iii) If I, and I2 are d-ideals in L, then I, + I2 is a d-ideal. 
(iv) If I, and I2 are a-ideals in L, then 1, + 1, is a o-ideal. 
PROOF. (i)* (ii). For any 01 w E {u + v}dd we have wAn(u + v)tw and 
O~wAn(u+v)~WAnu+ WA?ZV (n= 1,2, . . . ). Hence there exist sequences 0 Ip,t 
and 05 qnt such that pn + qn = WAn(u + v), 0 5pn 5 wAnu and 01q, I WArW 
(n=1,2,...). Sincep,=wAn(u+V)-qg,Iw-q, we have OIp,tIw-qq,~ and 
furthermore (w - q,J -p,, = w - WAn(u + v)lO. Now it follows from the hypo- 
thesis that there exists z E L satisfying p,, IZI w-q,, for all n. Then p,tz and 
qnfw - z. From p,, E (u}~~ and qn E { vjdd (n = 1,2, . ..) it follows that z E {u}~~ 
and W-ZE {v}~~. Hence w = z + (w-z) E (u}~~ + { v}~~. This shows that 
{u+ v)ddc (u}dd+ {v} dd. Since {u}~~ + { v}~~C {u + v}dd holds in every Riesz 
space, we conclude that {u + v}dd = { u}dd + { vldd. 
(ii) * (iii). Take 0 I w E 1, + 1,. Then w = w1 + w2 for some 01 w1 ~1~ and 
05~~~1~. Now {w}~~={w~)~~ + {w~}~~cI, +12, and so 1, +I2 is a d-ideal. 
(iii)=+(iv) It follows from [9] Theorem 2.3 and from the hypothesis that 
1, + I2 is a uniformly closed d-ideal, and so, by [9] Theorem 5.3, I1 + I2 is a 
a-ideal. 
(iv)*(i). Using Lemma 11 .l, the proof of this implication is almost the 
same as the proof of [lo] Theorem 9.14. The only difference is that we now 
have to show that the elements f,’ and g,* (n = 1,2, . . .), as defined in the proof of 
Theorem 9.14, satisfy in addition inf (g$-f,*) = 0. This, however, follows 
immediately from 
OIg,‘-f,+I(g,-Yyk)-cfn-Yk)=gn-fnlO. 
This completes the proof of the theorem. 
REMARK 11.3. In this connection we note that in any uniformly complete 
Riesz space the sum of two uniformly closed o-ideals is uniformly closed (see 
[9], Theorem 2.3) and that the sum of two z-ideals is a z-ideal (see [9], Theorem 
3.5). Furthermore, using that (B@Bd)dd =L for any band in a Riesz space L (see 
[12], Theorem 21.3) and that the sum of any two projection bands is again a 
projection band (see [12], Theorem 30.1 (ii)), it follows that the sum of any two 
bands in L is a band iff L has the projection property. 
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In the next example we will show that the condition of uniform completeness 
cannot be dropped in the preceding theorem. 
EXAMPLE 11.4. Let r be the algebra consisting of all finite subsets and their 
complements of an uncountable set X, and let L be the Riesz space of all finite 
linear combinations (with real coefficients) of characteristic functions of sets 
belonging to r. Note that the real function f on X is an element of L iff there 
exist a real number a and a finite subset E of X such that f(x) =a for all 
x E X \ E. It follows from [ 121, Theorems 37.7 and 37.6 that L is hyper Archi- 
medean. Hence, by [12] Theorem 60.2, every o-ideal in L is uniformly closed. 
We assert that every o-ideal in L is a a-ideal. To this end it suffices to prove that 
~$0 in L implies that &JO (r.u.). For n = 1,2, . . . there exist cr,c IR and finite 
E,, CX such that f,(x) = a, for x E X \ E,. Let E > 0 be given. Since a,lO, there 
exists ME h\l such that aM < e. Then 0 I&(X) < e for all n 1 M and all x E X \ EM. 
Since EM is finite, there exists NIM such that f,(x) c E for all x E EM and all 
nrN. Hence OS&<&e for all nrN(where e(x)= 1 for allxEX), i.e.,f,lO(e). 
Since, therefore, o-ideals and a-ideals are the same, it is clear now that the sum 
of any two a-ideals in L is a o-ideal. However, since L is not uniformly 
complete, L is not order complete. 
Before stating a corollary of Theorem 11.2 we recall that the Riesz space L is 
said to have the a-order continuity property (a-0.c.p.) if every positive linear 
map from L into an Archimedean Riesz space is a-order continuous. It can be 
proved that L has the a-o.c.p, iff every uniformly closed o-ideal in L is a o-ideal 
(see [S], Theorem 1.3 A). 
COROLLARY 11.5. If L is a uniformly complete Riesz space with the 
a-o.c.p. then L is order complete. 
PROOF. By Theorem 11.2 it suffices to prove that, given the a-ideals 1, and 
1, in L, the sum I1 + IZ is likewise a a-ideal. Since L is uniformly complete, 1, + 1z 
is uniformly closed. Now the a-o.c.p. implies that 1, +I2 is a a-ideal (as 
observed above). 
REMARK 11.6 (i). Obviously, a uniformly complete Riesz space in which 
order convergence and uniform convergence are equivalent (i.e., in which order 
convergence is stable; see [12], Section 16) is order complete. However, in 
general, in a uniformly complete Riesz space with the a-o.c.p. order con- 
vergence is not stable. By way of example, in the Riesz space of all real valued 
functions on an uncountable set X order convergence is not stable (see [16], 
p. 291). 
(ii). The Riesz space /, of all bounded real sequences is Dedekind complete, 
hence order complete. The o-ideal (co) consisting of all sequences which are 
convergent to zero, is uniformly closed, but (ce) is not a a-ideal. Hence I, does 
not have the a-0.c.p. 
412 
(iii). The condition of uniform completeness in Corollary 11.5 is not super- 
fluous. Indeed, let L be the Riesz space of all real valued functions f on an 
uncountable set X, assuming only an at most countable number of different 
values, with pointwise ordering. Then L is not uniformly complete hence L is 
not order complete. We will show that L has the a-o.c.p.. For this purpose, let 
M be an Archimedean Riesz space and T a positive linear mapping from L into 
M. Given u,,lO in L, we have to prove that Tu,&O in M. We may assume that 
u1 me (where e(x) = 1 for all XE X). Suppose, on the contrary, that Tu, up >O 
for all n and for some p EM. Since A4 is Archimedean, there exists E ~0 such 
that @ - aTur)* >O. Since u,lO in L implies u,(x)10 for all XE X, there exists 
for every XE X a natural number I?, such that (Z&X) - E} + = 0 for all n rh7,. 
Hence 
exists for all x E X and it is not difficult to see that w EL. Now it follows from 
E (24,-&q)+ iv 
n=1 
5 nz, (24,-&e)+ sw 
that 
0~N(p-~Tu~)+s E (Tu,--ETuI)+sT( E (u,-ee)+)sTw 
?I=1 n=l 
for N= 1,2, . . . . which implies (p - eTq)+ = 0, a contradiction. Hence 7%,&O in 
M and we conclude that L has the a-o.c.p. Observe that this conclusion can also 
be deduced from a combination of [ 161, Theorem 3 and [ 171, Theorem 1. 
Now we will characterize topological spaces X for which C(X) is an order 
complete Riesz space. For this purpose we need the following modified version 
of Theorem 11.2. 
THEOREM 11.7. In a uniformly complete Riesz space L with a weak unit the 
following conditions are equivalent. 
(i) L is order complete. 
(ii) If 0 I u, v EL such that u + v is a weak unit, then {u)” + { v}dd = L. 
(iii) If I, and 1, are d-ideals in L such that 1, + I2 contains a weak unit, then 
r, +&=L. 
(iv) If I, and I2 are a-ideals in L such that 1, + I2 contains a weak unit, then 
r, +&=L. 
PROOF. (i) * (ii) =$ (iii) * (iv). As in the proof of Theorem 11.2. 
(iv) * (i). In order to prove that L is order complete it is sufficient to show 
that, whenever 0 I u EL is a weak unit and f,, g, EL (n = 1,2, . ..) such that 
- u 5 f,t I g,& I u and inf (g,, -f,) = 0, there exists h E L satisfying f, I h sg, 
for all n. As in the proof of the corresponding implication of Theorem 11.2 we 
only need to prove the following lemma. 
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LEMMA. Let L be a uniformly complete Riesz space in which condition (iv) 
holds. If 0 I u E L is a weak unit and f, g,, E L (n = 1,2, . . .) such that - u I f,t I 
~g,$ s u and inf (g,, -f,) = 0, then there exists z EL satisfving 1 z 1 I +u, 
Cfn-z)+~~uand(g,,-z)-~~uforaIin. 
The proof of this lemma can be deduced form the proof of Lemma 11.1 in 
the following way. Since u is a weak unit, {u}~~c { h}dd implies that h is also a 
weak unit. Now it follows from the hypothesis and from h E (f }d + (gld that 
{f Id+ {gld=L and so there exist 0 I ur E {f }d and 0 I u2 E {g}d such that. 
u=u, +rr,. Then z = +(u2 - ul) fulfils the requirements. 
This completes the proof of Theorem 11.7. 
THEOREM 11.8. If X is a completely regular Hausdorff space, then the 
following conditions are equivalent. 
(i) C(X) is order complete. 
(ii) For any two zero-sets Z1 and 2, in X with (int 2,) fl (int 2,) =0, the sets 
int Zl and int Z2 are completely separated. 
PROOF. (i)=+ (ii). Suppose that Z1 = Z(u) and Z2 = Z(v) for some OSU, 
v E C(X). It follows from (int Z,) n (int Z,) = 0 that int Z(u + v) = 0, so u + v is a 
weak unit in C(X) (see [9], formulae following Theorem 4.2). Since C(X) is 
order complete, it follows from Theorem 11.7 that {uldd + {v}~~ = C(X), so 
e = el + e2 for some 0 I el E { uldd and 0 I e2 E { vjdd. Then we have int Z(u) C 
c Z(el) and int Z(v) c Z(e,) (again using the above mentioned formulae of [9]), 
which implies that cl(x) = 0 for all x E int Z(u) and cl(x) = 1 for all XE int Z(v). 
Hence int Z, and int Z2 are completely separated. 
(ii) * (i). Suppose that 0 I u, v E C(X) such that u + v is a weak unit in C(X). 
Then (int Z(u)) fl (int Z(v)) = 0, so it follows from the hypothesis that int Z(u) 
and int Z(v) are completely separated. Hence there exists et E C(X) such that 
0 I el se, cl(x) = 0 for all XE int Z(u) and er(x) = 1 for all XE int Z(v). Defining 
e2 =e- el we have el E (ujdd and e2 E { v}~~. This implies that e=el + e2 E 
E { u}dd + { v}~~, hence (U}~~ + (vjdd = C(X). Now it follows from Theorem 
11.7 that C(X) is order complete. 
We recall that the completely regular Hausdorff space X is called an F-space 
whenever disjoint cozero-sets in X are completely separated. As well-known, X 
is an F-space iff every cozero-set in X is Cb-embedded (i.e., for every cozero-set 
Y in X any bounded real continuous function on Y can be extended to a 
continuous function on X). For a proof of this fact we refer to [6], 14.25. A 
completely regular Hausdorff space X is called a quasi-F-space whenever every 
dense cozero-set is C&-embedded (see [4], Definition 3.6). 
LEMMA 11.9. For a completely regular Hausdorff space X the following 
conditions are equivalent. 
(i) X is a quasi-F-space. 
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(ii) For any two zero-sets Zr and 2, in X with (int Z,) n(int Z2) = 0, the sets 
int Z1 and int Z2 are completely separated. 
PROOF. (i)* (ii). If Z, = Z(u) and Z2 = Z(v) are zero-sets, for some 0 I u, 
v E C(X), with (int Z,) n (int Z2) = 0, then Y = X \ (Z, n Z2) is a dense cozero-set. 
Defining w(x) = u(x){ u(x) + v(x)}- 1 for all x E Y, we have 0 I w E C,(Y). Now it 
follows from the hypothesis that there exists an extension 0 I w1 E C,(X) of w. 
It is easy to verify that w1 separates the sets int Z1 and int Z,. 
(ii)=+(i). Let Y= pos u be a dense cozero-set for some 0 5 u E C,(X). By 
Urysohns extension theorem (see e.g. [6], 1.17) it is sufficient to prove that any 
two disjoint zero-sets Z1 and Z2 in Y are completely separated in X. Let 
Zl, = Z&fl) and Z; = Zf12) be disjoint zero-sets in Y, for some 0 (fr, 
fz E Cb( Y), such that Z1 c inty Z’, and Z2 C intr Z;. If we define 
c 
fi(x)u(x) for XE Y 
c 
f2(x)u(x) for XE Y 
!?I (-a = g2w = 
0 forxEX\ Y’ 0 forxEX\ Y 
then Osgr, g2 E C,(X), Zl, = Z(gl) fl Y and Z; = Z(g,)n Y. Now it follows 
from (intx Z&)} n {intx Z(g2)} = int, (Z(gl)nZ(g2)} tint, (X \ Y) =0 that 
int, Z(g,) and int, Z(g,) are completely separated in X, and hence Z1 and Z2 are 
completely separated in X. 
Combining Theorem 11.8 and Lemma 11.9 we have thus proved that C(X) is 
order complete iff X is a quasi-F-space. This result has been proved first for 
compact Hausdorff spaces X by F.K. Dashiell ([3], Theorem 1.5), and, in a 
completely different way than above, for arbitrary completely regular 
Hausdorff spaces X by F.K. Dashiell, A.W. Hager and M. Henriksen ([4], 
Theorem 3.7). 
REMARK 11. IO. (i). The topological space X of example 1) in Section 10 of 
[lo] is a quasi-F-space which is not an F-space. Indeed, as noted there, the Riesz 
space C(X) has the a-0.c.p. (and hence, by Corollary 11.5, C(X) is order 
complete), but C(X) is not normal, i.e., C(X) does not have the a-interpolation 
property (equivalently X is not an F-space, by [lo] Theorem 10.5). 
(ii). In [lo] Theorem 10.3 (ii) it has been proved that C(X) has the a-o.c.p. 
iff every zero-set in X is regularly closed. In [ 111, Proposition 1.1, it is observed 
that every zero-set in X is regularly closed iff every non-empty zero-set in X has 
a non-empty interior, and topological spaces with this property are called 
almost-P-spaces. Obviously, any almost-P-space is a quasi-F-space, since in an 
almost-P-space Xevery dense cozero-set is equal to X. In other words, for Riesz 
spaces L = C(X) Corollary 11.5 is evident. Compact almost-P-spaces have also 
been studied by A.I. Veksler in [18J. 
12. RIESZ SPACES WITH THE ALMOST u-INTERPOLATION PROPERTY AND 
d-NORMAL RIESZ SPACES 
We recall that a Riesz space L is called normal whenever every proper prime 
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o-ideal in L contains a unique minimal prime o-ideal. Analogously, the notion 
of d-normality can be defined. 
DEFINITION 12.1. The Riesz space L is called d-normal whenever every 
proper prime d-ideal in L contains a unique minimal prime d-ideal. 
Since every minimal prime o-ideal is a d-ideal, the sets of all minimal prime 
o-ideals and of all minimal prime d-ideals in L are the same (see [9], Section 6), 
so L is d-normal iff every proper prime d-ideal in L contains a unique minimal 
prime o-ideal. 
We denote by E(D) the d-ideal generated by a non-empty subset D of L. As 
observed in Section 4 of [9], 
(*I E(D)=V~EL : Z7dl,..., dnfEDsuch thatfE{ IdI Iv...vld,+}dd). 
The set .9(L) of all d-ideals in L, partially ordered by inclusion, is a distributive 
lattice with 
Since, by definition (see [IO], Definition 9-l), in a d-regular space L every 
proper prime d-ideal is a minimal prime o-ideal, d-regularity obviously implies 
d-normality. 
The following theorem is an analogue for d-normal Riesz spaces of Theorem 
9 in 171. 
THEOREM 12-2. In a Riesz space L the following conditions are equivalent. 
(i) L is d-normal. 
(ii) IfOSu, veLandu/\v=O, thenL={u)d~{v)din .9(L). 
(iii) If 0s u, v E L then (u/\IJ}~ = {1.4)~v{v)~ in 9(L). 
(iv) ~5={f+)~v{f-)~ in .Q(L)forailf~L. 
(v) L =M,vMZ in .9(L) for any two different minimal prime o-ideals Ml and 
MZ in L. 
If in L the sum of any two d-ideals is again a d-ideal, then I, ~1, = 1, + 1, for 
all II, I2 E 9(L). It is immediate by the above theorem and [9], Theorem 4.4, that 
a Riesz space L is normal iff L is d-normal and the sum of any two d-ideals is a 
d-ideal as well. 
It will be convenient to have yet another characterization of d-normality 
available. To this end we recall that the distributive lattice X, with smallest 
element 8, is called normal iff every proper (lattice) prime ideal in X contains a 
unique minimal prime ideal, equivalently, X= (x}~v{~}~ whenever x~y = 8 in X 
(see [2], Theorem 2.4). As in [lo], Section 9, we denote by 9?(L) the distributive 
lattice of all principal d-ideals in L, i.e., 9$,(L) = ({ f }dd : f E L), 
PROPOSITION 12.3. The Riesz space L is d-normal iff the lattice .9$,(L) is 
normal. 
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PROOF. Let flgP(L)) denote the set of all proper prime ideals in G+,(L), and 
let 4&E.) denote the set of all proper prime d-ideals in L. For any w E flGP(L)) 
we define u/(o) = cf~L : {fldd E w). Then w(w) E 4&(L) and v/ is a bijection 
from 39$,(L)) onto 4&(L). Moreover, w1 co2 iff u/(wl)c ~(0~). Hence L is d- 
normal iff g#.) is normal. 
Similar to the notion of d-normality, the notion of z-normality can be 
defined and it is not difficult to prove a theorem analogous to Theorem 12.2 for 
z-normality. In particular a Riesz space L is z-normal iff L = MlvM2 (in the 
lattice of all z-ideals in L) for any two different minimal prime z-ideals (i.e., 
minimal prime o-ideals; see Section 6 of [9]) A4r and A& in L. Since in a 
uniformly complete Riesz space L the sum of any two z-ideals is again a z-ideal 
(see [9], Theorem 3.5), it follows immediately from the above equivalence and 
from [7], Theorem 9, that in a uniformly complete Riesz space the notions of 
normality and of z-normality are the same. 
We recall that a Riesz space L is called almost Dedekind a-complete 
whenever L can be embedded as a super order dense Riesz subspace in a 
Dedekind a-complete Riesz space K, i.e., for every 0 I~*EK there exists a 
sequence V;, : n = 1,2, . . .) in L such that O~f,tf~ in K. We denote by L^ the 
Dedekind completion of L. Let L, = cf^~ L^ : Z sequences u,),“= 1 and (g,,),“, 1 
in L such that f,tfA and g,&^), as introduced by J. Quinn ([15], Section 3). 
Then L, is an order complete Riesz space, in fact L, is the order completion of 
L (see [ 151, Theorem 4.1 (i)). Furthermore, L is almost Dedekind a-complete iff 
L, is Dedekind a-complete (see ]I], Theorem 1 and [ 151, Corollary 8.5). 
Obviously, L is super order dense in L, and L is order complete iff L = L,. 
DEFFNITION 12.4. The Riesz space L is said to have the almost o-interpo- 
lation property whenever L can be embedded as a super order dense Riesz 
subspace in a Riesz space K with the a-interpolation property. 
THEOREM 12.5. In a Riesz space L the foliowing conditions are equivalent. 
(i) L has the almost o-interpolation property. 
(ii) L, has the a-interpolation property. 
(iii) If f, t 5 g,l in L, then there exist sequences (p, : n = 1,2, . . .) and 
(qn : n = 1,2, . ..) in L such that f, ~p,,t I q,,i ~g,, for ail n and 
inf (qn -p,) = 0. 
PROOF. (i) * (iii). Let K be a Riesz space with the a-interpolation property 
such that L is a super order dense Riesz subspace of K. If 0 I f,t I g,l in L, then 
there exists W”E K such that f, I w”lg,, (n = 1,2, . ..). Now there exists a 
sequence (u, : n = 1,2, . . .) in L such that 0 I u,fw”. Defining p,, =f,vu,, 
(n = 1,2, . . .) we have pn EL and f, Ip,t w*. Analogously, there exists a sequence 
(vn : n= 1,2, ..-) in L such that OS v,fg, - we and if we take qn =g,A(gl - v,), 
then qn EL and g, r q,lw-. Hence inf (qn -p,) = 0. 
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(iii) =- (ii). Suppose that 0 5 r&f I v,^l in L,. It follows from the definition of 
L, that there exist sequences Cfnk : k = 1,2, . . .) and (g,,k : k = 1,2, . . .) in L such 
that f&f@; and gnktkv; for all n. Defining fk = sup cfik, . . . ,f&) and gk = inf 
t&k, . . . . gkk) for k= 1,2, . . . . we have fkt I u;l v;l&. From the hypothesis it 
follows that there exist sequences (pk : k = 1,2, . . .) and (qk : k = 1,2, . ..) in L 
Satisfying fk spkt 5 & I& and inf (qk -pk) = 0 in L. Since L is SUper order 
dense in L, we have inf (qk -pk) = 0 in L,, so the order completeness of L, 
implies the existence of W*E L such that pk I wAI qk (k = 1,2, . ..). Obviously 
u;l wAs v,^ for all n, hence L, has the a-interpolation property. 
(ii) a(i). Trivial. 
COROLLARY 12.6. The Riesz space L has the a-interpolation property iff L 
has the almost a-interpolation property and L is order complete. 
Evidently, every almost Dedekind a-complete Riesz space has the almost o- 
interpolation property. In the next example we present a Riesz space which has 
the almost a-interpolation property but which has nor the o-interpolation 
property neither is almost Dedekind o-complete. 
EXAMPLE 12.7. Take X, =/?lR+ \ II?+ and X, = [0, 11. Then C(Xi) has the o- 
interpolation property but is not almost Dedekind a-complete (see Example 3 at 
the end of [lo]), and C(X,) is almost Dedekind a-complete (which is proved in 
[lo], Theorem 10.4 (ii)), but does not have the a-interpolation property (note 
that a Riesz space L is Dedekind a-complete iff L is almost Dedekind cr- 
complete and L has the q-interpolation property; see the remarks following 
Theorem 9.15 of [lo]). Let X be the topological sum of Xi and Xz. Since C(X,) 
and C(X,) can be regarded as o-ideals in C(X), it follows that C(X) is not 
almost Dedekind a-complete and does not have the a-interpolation property as 
well, but, using Theorem 12.5, it is easily verified that C(X) does have the 
almost a-interpolation property. 
Next we will study the connection between d-normality and the almost cr- 
interpolation property. For this purpose we need the following proposition. 
PROPOSITION 12.8. In any uniformly compiete Riesz space L the lattices 
9$,(L) and 3$,(L,) are lattice isomorphic. 
PROOF. For the sake of convenience we denote for any f AE L, the disjoint 
complement off” in L, by {f “}d(Lu), whereas, as usual, the disjoint complement 
off tz L in L is denoted by {f }d. We define the mapping cp : .9&(L)-, gP(L,) by 
&{ u}~~) = (u}~~@u) for all { u}~~ E 9JL) (0 s u EL). We will show that cp is a 
lattice isomorphism. Using that L is super order dense in L, it is routine to 
prove that { u}~~ = { u}~~(%J) n L for any 0 I u EL. This implies that cp is injective 
and that {u)~~c{v} dd iff ~((u}~~>cQ)((v}~~). It remains to prove that Q, is 
surjective . Let { u ^} dd(&) E 9$(L,) (05 U-EL,) be given. Then there exist 
(vn : n=l,2,...) and w in L such that 01 v,fz/s w. Since L is uniformly 
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complete the series v = C ,“=, 2-V, converges w-uniformly in L. It is an easy 
matter to verify that { u^}~~~u) = (v}@~u), i.e., { u”}~~@u) = q((v}dd>. 
THEOREM 12.9. In a uniformiy complete Riesz space L the following 
conditions are equivalent. 
(i) L is d-normal. 
(ii) L has the almost a-interpolation property. 
PROOF. (i)e(ii). If L is d-normal, then, by Proposition 12.3, 9$,(L) is a 
normal lattice, and so, by Proposition 12.8, gp(L,) is a normal lattice, which 
implies, again using Proposition 12.3, that L, is d-normal. Since L is order 
complete, it follows from Theorem 11.2 that the sum of any two d-ideals in L, 
is a d-ideal, hence L, is normal (see the remarks following Theorem 12.2). 
Hence, by IlO] Theorem 9.15, L, has the o-interpolation property, i.e., L has 
the almost a-interpolation property (see Theorem 12.5). 
(ii)*(i). Suppose that L has the almost a-interpolation property, i.e., L, 
has the a-interpolation property. Then, by [lo] Theorem 9.15, L, is normal, 
hence d-normal. Using Propositions 12.3 and 12.8 we deduce that L is 
d-normal. 
REMARK 12. lo. As observed in [lo], Remark 9.7, a uniformly complete 
Riesz space L is almost Dedekind a-complete (i.e., L, is Dedekind a-complete) 
iff L is d-regular. Proposition 12.8 provides us a proof of this fact which is 
completely different from the proof given in [13], Theorem 7. Indeed, suppose 
that L is d-regular, Then, by [lo] Theorem 9.5, S&(L) is a Boolean ring, and so, 
by Proposition 12.8, QP(L,) is a Boolean ring, i.e., L, is d-regular. In particular 
this implies that L, is d-normal, and since L, is order complete it follows that 
L, is normal. Therefore, by [lo], Theorem 9.2, L, has the principal projection 
property. Hence L, is Dedekind a-complete (see [12], Theorem 42.8). 
Conversely, if L, is Dedekind a-complete, then L, is d-regular, so .%$,(L,) is a 
Boolean ring, which implies that 9$,(L) is a Boolean ring, i.e., L is d-regular. 
In the following examples it is shown that both implications of the last 
theorem do not longer hold if the assumption that L is uniformly complete is 
dropped. 
EXAMPLE 12.11. Let L be the Riesz space of Example 11.4. Using [12], 
Theorem 32.7, it is evident that the Dedekind completion LA of L is the Riesz 
space of all bounded real functions on X. It is straightforward to prove that the 
order completion L, of L is the Riesz subspace of L*consisting of all functions 
f^ for which there exist a E II? and an at most countable subset E= (x1,x2, . ..) of 
X such that f(x) = a for all x E X \ E and if E is countably infinite then lim,,, 
f(x,) = a. We assert that L, does not have the a-interpolation property. Indeed, 
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let F=(yI.y2....) and G=(z1,z2 ,... ) be disjoint countable subsets of X, and 
define for all n the functions 
1 for X=yi (i= 1, . . ..n) 0 for x=zi (i= 1, . . ..n) 
f”(x) = 
c 
, &W = 
0 otherwise c 1 otherwise 
Then 0 lfnt 5 g,,l in L,, but there does not exist an element h^ in L, such that 
f,lh”lg, (n = 1,2, . ..). So L, does not have the a-interpolation property. 
Hence L does not have the almost a-interpolation property. However, since L is 
hyper Archimedean, L has the principal projection property, so L is normal and 
hence L is d-normal. 
EXAMPLE 12.12. For n = 1,2, . . . we define the real sequences U, by 
c 
k-* for k=+i(i+ l)+(n- l), in N, iln- 1 
u,(k) = 
0 otherwise 
Furthermore, let u. be defined by uo(k) = 1 for all kE M. Then (u, : n = 1,2, . ..) 
is a disjoint sequence in Z,. Let L be the linear subspace of 1, consisting of all 
elements of the formf= a + ccouo + alul + . . . + aNuN, where a ranges through all 
sequences of finite support, ao, . . . , oN E il? and NE h\l. It is rOUthe to prove that 
L is a Riesz subspace of Z,. We assert that L is not d-normal. Indeed, for any 
01pta (~4~)~ and OlqE{uZ}d we have (p+qjd#(0) and so uo$(p+qjdd- 
Hence ZQ $ (u~)~v(u~)~, and therefore L # {u~}~v{u~}~ in 9(L). We conclude 
that L is not d-normal. On the other hand, since L is order separable, L is 
almost Dedekind a-complete (see e.g. [l]), hence L has the almost a-inter- 
polation property. 
In the next theorem we will characterize topological spaces for which the 
Riesz space C(X) has the almost a-interpolation property. 
THEOREM 12.13. For a completely regular Hausdorff space X the following 
conditions are equivalent. 
(i) C(X) has the almost a-interpolation property. 
(ii) For any two disjoint cozero-sets Cl and C, in X there exist zero-sets Z,, 2, in 
X such that C, c Z,, C, c Z, and int (Z, n Z,) = 0. 
PROOF. (i) * (ii). Let C1 = pos u and C, = pos v be disjoint cozero-sets in 
X, for some Olu, v E C(X). Then UAV =0, so it follows from the hypothesis 
and from Theorem 12.9 that (u}~v(v}~= C(X). In particular, we have 
eE {~)%{v)~, which implies, by (*) at the beginning of this section, that 
ec{p+q}dd for some OI~E{U}~ and OIqe {v}~. Putting Z1 =Z(p) and 
Zz =Z(q) we have Ct c Z,, C, cZ,. Furthermore it follows from era {p + qjdd 
that int (Z, fl Z,) c Z(e) = 0, hence int (Z, n Z,) = 0. 
(ii)*(i). Analogously. 
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13. THE IMPLICATION THEOREM 
In this section we present a summary of several results from the papers “On 
z-ideals and d-ideals in Riesz spaces I, II, III”. 
THEOREM 13.1 (The implication theorem.) In a uniformly complete Riesz 
space L the following implications hold. 
(1) 
hyper a 
Archimedean 
(2) 
0.c.p. 
(3) 
z-regular 
K 
super 
Dedekind 
complete 
(4) 
(9 WV 
a-0.c.p. 
0 
order complete 
4 (6) 
< 
O-interpolation 4i 
Dedekind property almost o-interpolation 
4 
o-complete property 
almost (11) 
H 
Dedekind 
order u-complete 
separable (9) 
(7) 
(0.c.p. = order continuity property) 
PROOF. Only (1) * (2) ti (3) + (4) need to be proved. The remaining impli- 
cations have been proved before. 
(1) * (2). A uniformly complete Riesz space L is hyper Archimedean iff 
every o-ideal in L is a band (see [S]), so every uniformly closed o-ideal in L is a 
band, i.e., L has the 0.c.p. 
(2)*(4). Since the 0.c.p. implies order separability and L is uniformly 
complete, it suffices to prove that L has the projection property, or, equiva- 
lently, that the sum of any two bands in L is again a band. For this purpose, let 
Br and & be bands in L. Then Bi and & are uniformly closed o-ideals, so 
B1 +& is a uniformly closed o-ideal by [9], Theorem 2.3. By the hypothesis, 
Bi + B2 is a band. 
(2)=(3). The 0.c.p. implies the a-0.c.p. and, by the above implication, 
Dedekind a-completeness of L as well. By [lo], Theorem 9.3, L is z-regular. 
(3) + (4) =+ (2). This implication follows from the fact that (2) es (5) + (7). 
REMARK 13.2. (i). Several implications in the above theorem have non- 
uniformly complete analogues . For instance, the non-uniformly complete 
analogue of (6) CT (8) + (9) is that a Riesz space L has the principal projection 
property iff L is normal and d-regular. 
(ii). The above scheme can be useful to derive known results in a different 
way. For example, it is immediate from this scheme that in a uniformly 
complete Riesz space (5) + (9)* (6) (even (5) + (9) e) (3)), i.e., a uniformly 
complete almost Dedekind a-complete Riesz space with the a-o.c.p. is 
Dedekind a-complete, a result of D.H. Fremlin ([5], Proposition 3.5). 
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